In this paper we consider some widely utilized classes of discrete distributions and aim to provide a systematic overview about their preservation under convolution. This paper will serve as a detailed reference for the study and applications of the preservation of the discrete NBU(2), NBUCA classes of discrete distributions.
Introduction and Motivation
The literature on reliability theory mainly deals with non-negative absolutely continuous random variables. However, quiet often we come across with situations where the product life can be described through non-negative integer valued random variable. For example (i) a device can be monitored only once per time period and the observation is taken as the number of time periods successfully completed prior to the failure of a device, (ii) a piece of equipment may operate in cycles and we measure the number of cycles completed prior to failure, for example number of copies made by a photocopier before it fails, (iii) number of road accidents in a city in a given month. See Chen and Manatunga (2007) , Kemp (2004) and Yu (2007) and the references therein. Therefore we need to develop tools, analogous to the continuous case, for studying the discrete failure data.
Discrete lifetimes usually arise through grouping or finite-precision measurement of continuous time phenomena. They may also be found naturally where failure may occur only at the instants of shock. Parametric models for discrete life distributions may be found in Bain (1991) , Adams, Watson (1989) and . Nonparametric families of discrete life distributions has been considered in the reliability literature mainly in connection with shock models leading to various continuous-time ageing families See Barlow and Proschan (1982) , Roy and Gupta (1992) , among others. have studied definitions, interrelations and closure properties of some nonparametric ageing families of distributions having a finite support.
Let X be a non-negative discrete random variable representing the lifetime of the unit. Without loss of generality we will assume the N + is support of X . The probability mass function (p.m.f.) given by f (x) = Pr {X = x}, x = 0, 1,..., the cumulative distribution function F of X satisfies
for all x ∈ N where N = {0, 1,...}. Furthermore, for all x = −1, −2,..., we have f (x) = 0, F(x) = 0, and F(0) = 1. The distribution of a counting random variable is called a discrete life distribution. In particular, if f (0) = Pr {X = 0} = 0, or a counting random variable X has a support on N + = {1, 2,...}, we say that the discrete distribution is zero-truncated. Moreover, we denote N − = {−1, 0, 1,...}.
The following concepts plays a fundamental role in reliability theory, life testing, inventory theory, and Biometry. It is one of the most widely used mathematical ways of describing ageing. Recently, Pavlova et al. (2006) defined discrete hazard rate of F by the following
, for x ∈ N, and P{X x} > 0.
Alternative names for the function h F (x) are failure rate, force of mortality, etc. The discrete mean residual lifetime of F is defined by
, for x ∈ N, and F(x) > 0. These classes of discrete distributions have been used extensively in different fields of statistics and probability such as insurance, finance, reliability, survival analysis, and others. See, for example, Barlow and Proschan (1975) 
Also, Li and Kochar (2001) define a continuous random variable X (or its distribution function F) to be new better than used of second order (NBU (2)) if
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This paper is organized as follows: In Section 2, we defined the analogous discrete distributions and we give the definitions of some classes of discrete distributions. The properties of the discrete new better than used in the convex and second order discussed in Section 3. Finally, in Section 4, we establish the convolution preservation of the discrete new better than used in convex average order class.
Basic Definitions
Most of the nonparametric discrete classes of distributions that are commonly found in the reliability literature are based on some notion of aging. In this section we present the definitions of some classes of discrete distributions, which will be used in the sequel.
Definition 2.1. Let X and Y two non-negative random variables with distribution functions F(x) and G(x), and survival functions F(x) and G(x) respectively. X is said to be smaller than Y in the (i) usual stochastic order, denoted by X st Y , if
(ii) Discrete increasing convex order, denoted by
Definition 2.2. A discrete distribution F is called discrete new better than used in convex ordering (d-NBUC) (or discrete worse better than used in convex ordering
(2.1)
3. An integer-valued random variable X (or its cdf F) is said to be discrete new better than used in convex average order (denoted by d-NBUCA) if
Definition 2.4. An integer-valued random variable X (or its cdf F) is said to be discrete new better than used in second order (denoted by
Definition 2.5. A discrete distribution F with finite mean μ is said to be discrete new better than used in expectation (d-NBUE) if for all x ∈ N.
or equivalently,
The following theorem state the relation between discrete new better than used in second order and discrete new better than used in expectation.
Letting k tends to infinity in equation (2.3), on gets
The Properties of d-NBUC and d-NBU(2) Classes
In this section we presented characterizations for the discrete new better than used in convex order and the discrete new better than used in the second order. This section contained two subsections.
In the first one, we proved that d-NBUC class is closed under formation of parallel system. In the second one, we demonstrate preservation of d-NBU(2) under convolution.
Closure of d-NBUC under formation of parallel system
In this subsection we prove that the discrete new better than used in convex order class is closed under formation of parallel systems with independent and identically distributed components. Proof. The survival function of X (n) is
we need show that
the inequality (3.2) obviously holds whenever F (n) (t) = 0, and for F (n) (t) = 0, the characterization result given by (2.1) may be reformulated as F ∈ d-NBUC iff
the right hand side of (3.3) satisfies the following inequality
and the left hand side of (3.4) satisfies
the last inequality (3.5) holds because
Since
from (3.5) and (3.6) we get
this means that
This proves the required result.
Preservation of d-NBU(2) class under convolution
In this subsection we discuss preservation of d-NBU(2) under convolution.
Theorem 3.2. Suppose that F 1 and F 2 are two independent d-NBU(2) life distributions. Then their convolution is also d-NBU(2).
Proof.
where
where the inequality follows from the d-NBU(2) property of F 2 and
On the other hand
from (3.7), (3.8) and (3.9) and the fact that F(t) F 2 (t) for all t 0. This proves that F is d-NBU(2).
Discrete NBUCA Class Preservation Under Convolution
As an important reliability operation, convolution of life distributions of certain class is often paid much attention. It has been shown that both the d-NBU and d-NBUC classes are closed under this operation, see Pavlova et al. (2006) . In this section we established the closure property of the d-NBUCA class under the convolution operation. 
Let x, y ∈ N. On one hand
Observe that
and which means that F is d-NBUCA.
